Recent experimental 1 and numerical 2 evidence suggest an intriguing universal relationship between the Fermi surface anisotropy of the non-interacting parent two-dimensional electron gas and the strongly correlated composite Fermi liquid formed in a strong magnetic field close to half-filing. Inspired by these observations, we explore more generally the question of anisotropy renormalization in interacting 2D Fermi systems. Using a recently developed 3 non-perturbative and numerically-exact projective quantum Monte Carlo simulation as well as other numerical and analytic techniques, only for Dirac fermions with long-range Coulomb interactions do we find a universal square-root decrease of the Fermisurface anisotropy. For the ν = 1/2 composite Fermi liquid, this result is surprising since a Dirac fermion ground state 4 was only recently proposed as an alternative to the usual HLR state 5 . The importance of the long-range interaction, expected for Dirac systems 6 , is also consistent with recent transport measurements 7 . Our proposed universality can be tested in several anisotropic Dirac materials including graphene, topological insulators 8 and organic conductors 9 .
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A plethora of quantum Hall ground states are observed when the two-dimensional electron gas is placed in a strong magnetic field. Unique among these states is when the system is tuned to half-filing; here rather than observing an insulator as is typical, instead a metallic state is observed. This compressible phase called a "composite Fermi liquid" is believed to emerge because at the mean field level, the magnetic flux attached to each composite * shaffique.adam@yale-nus.edu.sg fermion exactly cancels the external magnetic field 10, 11 . The Fermi surface properties of this metallic state have long been explored. A very recent experiment at Princeton measured how the anisotropy of this strongly correlated Fermi surface along the high-symmetry axis (parameterized by η, defined below) was related to that of the original Fermi surface η 0 of the non-interacting electrons in the absence of an external magnetic field 1 . Before performing the experiment, they surveyed leading theorists on what they expected to observe, obtaining a range of answers: since the composite Fermi liquid was a universal strongly correlated ground state, in which the kinetic energy of the non-interacting bands were quenched, some expected no Fermi surface anisotropy in the composite Fermi liquid; others expected the state to have the same anisotropy as the non-interacting bands from which the state emerged. Remarkably, the experiment observed that η = √ η 0 i.e. the interacting state was always more isotropic and universally so.
This experiment motivated us to ask a more fundamental question. What is the relationship between the Fermi surface anisotropy of an interacting Fermi liquid given a fixed anisotropy of the non-interacting bands i.e. we are interested not only in the effective composite Fermi liquid at ν = 1/2, but the interacting 2D Fermi liquid in general. To illustrate that the answer is not obvious consider the following. One might expect that interactions enhance the anisotropy. Anisotropy can be thought of as broken rotational symmetry, and it was predicted long ago that the exchange interaction can enhance the splitting between broken symmetry states 12 . In the quantum Hall context, interaction-enhanced Zeeman splitting has been seen experimentally for the graphene integer quantum Hall effect 13 and more recently, an interaction-induced spontaneous symmetry breaking of nematic phases 14 .
In other contexts, interactions wash away non-universal particularities of the non-interacting model flowing to a universal interacting fixed point (the universal ν = 1/3 Laughlin state observed in different parent materials and with different confining potentials leading to different effective interactions, is but one example). Experimentally, the observed sequence of fractional quantum Hall plateaus in graphene suggest that the strongly interacting ground state partially restores the spin and valley splitting of the non-interacting system 15 . For the specific case of ν = 1/2, using a Gaussian approximation for the electron-electron interactions, Ref. 16 found analytically that interactions always make the composite Fermi liquid more isotropic, but in a non-universal way where η/η 0 could take on values between 0 and 1 depending on the length scale of the Gaussian. Other calculations in specific models 17, 18 suggest no change in the Fermi surface anisotropy; while yet others show a non-universal decrease in anisotropy 19, 20 .
We are not the first to ask the question about the manybody renormalization of anisotropic Fermi surfaces. Back in 1960, Kohn and Luttinger 21 argued that the standard diagrammatic perturbation theory to account for electron-electron interactions failed when considering anisotropic Fermi surfaces. Moreover, the effect of correlations was understood to be non-universal where the anisotropy renormalization depends on material specific parameters like the effective mass, carrier density and dielectric substrate. Below we reproduce the leading order term for "Schrödinger electrons" where the bare band dispersion is of the usual parabolic energy form to illustrate how this non-universality arises for generic band structures. However, and remarkably, we find that for Dirac fermions (e.g. graphene) with bare Fermi velocity anisotropy, in the presence of a long-range Coulomb interaction, there is a universal relationship η = √ η 0 that does not depend on any of the material-specific parameters mentioned above. We emphasize that the long-range nature of the Coulomb potential is essential: our analytical and numerical results also suggest that Dirac fermions with only contact interactions retain the anisotropy of the original non-interacting system. We find that the chirality of the Dirac bands and the long-range interaction are both necessary to obtain the square-root anisotropy.
In the presence of Coulomb interactions, the properties of correlated Dirac fermions are governed by two very different fixed points 3 . There is a stable "weak-coupling" fixed point determined entirely by the long-range Coulomb tail, which flows at low energies to a non- interacting Lorenz invariant theory (where the electron Fermi velocity is equal to the speed of the light). Then there is also an unstable "strong-coupling" Gross-Neveu fixed point controlled by the contact part of the Coulomb interaction and associated with the transition to a Mott insulating antiferromagnet at half-filling. While ultimately unstable, the proximity to the strong coupling fixed point is largely responsible for most experimentally observable properties of Dirac fermions. Paradoxically, the closer to the "strong-coupling" fixed point the flow of Dirac fermion under interactions starts, the more it behaves like the non-interacting theory (with typical Fermi velocities about two or three orders of magnitude slower than the speed of light) 3 . The dichotomy between the long-range and contact part of the Coulomb potential for Dirac fermions was also discussed in Ref. 22 . Since this particular velocity renormalization influences all points on the Fermi surface equally, it drops out when calculating the anisotropy renormalization that we are concerned with here. 
Interacting To build some intuition into our results, we begin by considering the Hartree-Fock approximation and first-order perturbation theory (for the case we consider, both these considerations give identical results, see Methods section below). This is the leading-order many-body result as expanded directly in the bare interaction. We first observe that for Dirac fermions, the contact interaction does not renormalize the Fermi velocity (see e.g. Ref. 23 and Methods section). For the long-range Coulomb interaction, the dominant contribution comes from the filled hole bands. Although the Fermi surface is vanishing at the Dirac point, the Fermi surface anisotropy is still welldefined. By first setting a finite Fermi level (defined by a Fermi momentum k F ) and then taking the limit k F → 0, the Fermi surface anisotropy converges to the Fermi velocity anisotropy η 0 = v x /v y , where the subscript denotes that this is the non-interacting system. When the 2D Coulomb interaction is turned on, the effective single particle energy is corrected by the exchange correlation, which within the Hartree-Fock approximation is given by 24
where e is the electron charge, is the dielectric relative permittivity, and tan ϕ k = (v y k y )/(v x k x ). The ϕ kdependent factor accounts for the chirality of the Dirac fermions. Calculating the anisotropy (see Methods), we find
Here K(z) and E(z) are the complete elliptic integrals of the first and second kind respectively. This analytic result is shown as the red curve in Fig. 1 , and it is remarkably close to the line η = √ η 0 . Since within Hartree-Fock and first-order perturbation theory the exchange energy contribution dominates over the noninteracting contribution, it is not surprising that the result is universal, nonetheless this behavior is unique (see Methods) to Dirac fermions in two-dimensions with a long-range Coulomb interaction. We emphasize that chirality is essential for our result. The chiral eigenfunctions of the Dirac fermions are invariant to the Hartree-Fock interaction and neglecting these, or even changing the winding number from 1 breaks the universality. By contrast, particle-hole symmetry breaking terms do not couple to the chirality and preserve the universality (see Methods for details).
While the perturbative approach is useful to understand qualitatively how the universality arises in the Dirac system, here we use a non-perturbative, numerically exact projective quantum Monte Carlo simulation appropriate for the strongly correlated nature of the ground state. We use a honeycomb lattice with nearest neighbor hopping (as appropriate, e.g., for graphene) and at half-filing there is no fermion sign problem. We are able to separately tune the short-range or Hubbard U and long-range tail r s /r components of the Coulomb interaction (see Methods). The non-interacting system contains Dirac cones at the high-symmetry K, K points in the Brillouin zone that are isotropic in the low-energy limit, but have trigonal warping away from the Dirac point naturally providing an anisotropic Fermi surface, whose renormalization with interactions we can explore. Appropriate for the three-fold symmetry, we define η q as the ratio of the energy deviation
where K − K and K − Γ are the principal directions.
Our results are obtained from a finite-size scaling of the numerical data on lattice sizes up to 24 × 24 unit cells. The left panel of Fig. 2a shows a typical case where short-range interactions are dominant (r s = 0; U = 2t). In this case the correlation induced velocity renormalization is very small, and the data are consistent with no renormalization of the anisotropy, η q = η 0 within the error bars. The right panel is typical for when the long-range tail dominates (r s = 1/3, U = t). The data shows that strongly correlated Dirac fermions with long-range Coulomb interactions have the universal A natural interesting question is whether this is a mere coincidence or is an indicator for the predicted emergent Dirac fermion nature of the half-filled Landau level. While answering this question definitively is well beyond the scope of the current work, which is entirely on the many-body renormalization of bare anisotropy in zero-field interacting 2D Dirac and Schrödinger systems, we mention one more tantalizing experimental finding in this context by Pan et al. 7 who established that the half-filled Landau level conductivity in high-mobility modulation-doped 2D structures manifests a linear-incarrier density dependence (similar to that observed in graphene 25 ) in contrast to the expected quadratic density dependence observed and predicted in the corresponding zero-field 2D conductivity of the usual Schrödinger system 26 . If our speculations about a possible connection between our result and the emergent Dirac nature of the composite fermion liquid at half-filling are correct, then it also follows that the long-range nature of Coulomb interaction is an essential part of the physics here since we only find the square-root suppression of the bare anisotropy for long-range Coulomb interaction and not for the short-range contact interaction. Fig. 3 is the conductivity for two of the samples reported in Ref. 7 both at B = 0 (blue data) and close to half-filing (black data). For unscreened long-range interactions, the conductivity σ ∼ (e 2 /h)(n/n i )(1/r 2 s ), where
Shown in
for Dirac fermions but scales as √ n for Schrödinger fermions. Assuming that for each sample the impurity concentration n i is the same both at B = 0 and at half-filing, this allows us to fit for the conductivity of the composite Fermi liquid with a single Dirac Fermi velocity v =
√ v x v y = 1.8 × 10 6 cm/s. This corresponds to r s ∼ 10, which is more than an order of magnitude more strongly interacting than most other condensed matter realizations of Dirac fermions. Finally, we encourage experimentalists working with graphene, surface states of topological insulators or layered organic conductors (all of which support anisotropic bare Dirac fermions) to look for our proposed universal many-body renormalization induced suppression of the anisotropy.
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METHODS

Hartree-Fock
Here, we utilize the Hartree-Fock approach to show that the renormalized anisotropy, η, is determined by only initial anisotropy, η 0 , no matter how strong the interactions exactly are. To quantify the initial anisotropy we start from Hamiltonian
wherehk = (hk x ,hk y ) is the momentum in twodimensional space, andσ x,y are the Pauli matrices. The velocities v x,y along x and y directions define the noninteracting anisotropy,
, and the corresponding eigenstates are ψ 0 kκ = 1 √ 2 e ikr χ kκ , where χ kκ = 1, κe iϕ k T with κ = ± being the particle/antiparticle index. Thanks to the anisotropy η 0 = 0 the chirality angle, tan ϕ k = tan θ k /η 0 , differs from the direction of motion, tan θ k = k y /k x .
The mean-field interaction between fermions contains two terms which are the Hartree (direct) and Fock (exchange) terms. In the following, we will only consider the exchange interaction in the Hartree-Fock Hamiltonian, as the Hartree term is neutralised by a positive background (jellium model). Hence, the interaction term reads 24
where u |k−k | = 2πe 2 / |k − k | is the two-dimensional Fourier transform for Coulomb potential with being the dielectric constant. We employ the non-interacting plane-wave solution to diagonalize the total Hamiltonian H = H 0 +H HF . Near half-filling, only antiparticle states contribute to the exchange term. Since the antiparticle band does not have a bottom in our model we assume some momentum cutoff Λ to make the integral over occupied states converging. Hence, the Hartree-Fock energy results in equation (1) with the interband chirality factor explicitely given by
Thanks to the chirality factor and the vast antiparticle fermion sea the interaction energy (1) 
where r s = e 2 /( hv), v = √ v x v y , and K(z) and E(z) are the complete elliptic integrals of the first and second kind respectively. Note that v HF x,y diverge logarithmically at half-filling, hence, v HF x,y v x,y . The interacting anisotropy η would then be the anisotropy of the Hartree-Fock velocity given by the ratio of η = v HF x /v HF y , see equation (1).
It is instructive to compare this result with the Hatree-Fock model for anisotropic Schrödinger fermions that can be modeled by the non-interacting Hamiltonian
where m x,y is the anisotropic effective mass. The anisotropy of the Fermi surface is characterized in the same way as for Dirac fermions, i.e.
The Hartree-Fock exchange energy is
There is no antiparticle band, no chirality factor, and no need of momentum cut-off here. The anisotropy of the Hartree-Fock spectrum varies when we move up the Fermi energy level. The interacting anisotropy is determined at the Fermi level of the interacting fermions by keeping their density fixed. The result is plotted in Fig. 4b . As shown there, the Fermi surface anisotropy behaves in η0 (red line) independent of interaction strength rs, whereas for the parabolic dispersion, the anisotropy renormalization makes the system more isotropic in a non-universal way. The renormalized anisotropy for the parabolic dispersion is closer to the non-interacting value, and never approaches the √ η0 even for strong interactions.
different ways depending whether Dirac or Schrödinger fermions are considered. For Dirac fermions, the interacting anisotropy is not sensitive to the interaction strength and follows a square-root trend. For Schrödinger fermions, the interacting anisotropy depends on r s , which measures the relative strength between the Coulomb energy and the Fermi energy. We see that when r s is increased, demonstrating transition from non-interacting to strongly interacting limit, the interacting anisotropy is bounded by the green data points obtained in the limit E HF E 0 . Hence, the √ η 0 -like anisotropy dependence is not possible for Schrödinger fermions at any interaction strength leaving Dirac fermions unique in this sense. It is interesting to note that the particle-antiparticle asymmetry does not influence the universal behaviour of η. Indeed, any term proportional to the 2 × 2 identity matrix added into the non-interacting Hamiltonian (3) is not able to alter the chirality factor even though it can change the dispersion and break the electron-hole symmetry. Since the universality of equation (2) is due to the chirality factor, it remains unaltered as well.
Perturbation Theory
Since the Coulomb interaction in our considerations is instantaneous, the first order perturbation theory is equivalent to the Hartree-Fock approximation. The correction to the non-interacting spectrum E 0 (k), here it is named self-energy in the context of perturbation theory, is given by the one loop diagram
where the non-interacting Green's function is given by G 0 (ω, q) = (iω − ξ q ) −1 and ξ q = E 0 (q) − µ is the noninteracting energy measured from the chemical potential, that is equivalent to the Fermi energy at zero temperature. Since the Coulomb interaction has no frequency dependence, the frequency integration is only performed on the non-interacting Green's function. The usual frequency summation of the non-interacting Green's function gives the Fermi-Dirac distribution n F (ξ q ) = [exp(ξ q /k B T ) + 1] −1 . At zero temperature, the Fermi-Dirac distribution resolves to a step function, which restricts the momentum integration to within the Fermi surface. Thus, we see that the self-energy
is equivalent to the Hartree-Fock approximation given in Eqn. (9) . For the Dirac model, one may choose to go to the eigenbasis of the non-interacting Green's function, where the self-energy would be evaluated to the similar expression as in Schrödinger system, except that the unitary transformation gives rise to an additional chirality factor. With the inclusion of the chirality factor, the self-energy within the first order perturbation theory is equivalent to the Hartree-Fock exchange energy for the Dirac model as in Eqn. (1).
To show the robustness of the results against the choice of basis, here we present also the first order perturbation theory in the sub-lattice basis. In this basis, the noninteracting Green's function in Eqn. (10) 
where σ x,y are the Pauli matrices, and σ 0 is the identity matrix. Upon frequency integration, the self-energy is evaluated to
The corresponding velocity components may be evaluated in a similar way to that described in the previous subsection and give the same results as in Eqn. (6) .
In the case where the Dirac fermions are interacting with contact interactions, there is no contribution to the self-energy within the first order perturbation theory. This can be seen in the sub-lattice basis where the contact interaction acts on the electrons in the same sublattice, but after the integration over the frequency ω, the Green's function propagates the electrons to the other sub-lattice. Thus the product of the matrix elements vanishes for both the diagonal and off-diagonal terms, resulting in no contribution to the self-energy. We understand that this is due to Pauli exclusion principle: the Hubbard term only connects electrons with opposite spins, but within first order perturbation theory, we consider only the self-interaction of the particle. Since the particle does not change the spin during the propagation, we conclude that the contact interaction has no effect, and as a result, the interacting anisotropy η remains the same as the non-interacting anisotropy η 0 for a system with only contact interactions.
Going beyond first order perturbation theory, we may analyze the problem within the random phase approximation (RPA). For the Dirac fermions, renormalization group study considering the RPA contributions shows that the Fermi velocity anisotropy flows to the isotropic limit at low energy scale 27 . However, in a perturbative approach, the interacting system, though is less anisotropic than the non-interacting one, is not totally isotropic as predicted by the renormalization group flow. Expanding the perturbative results for small coupling constant r s , we find
To leading order, this result is consistent with the Hartree-Fock result in Eqn. (2).
Quantum Monte Carlo
In addition to the perturbative theories, we employ projective quantum Monte Carlo (PQMC) 28 that has recently been adapted to include the long-range Coulomb interaction. We study interacting fermions on a honeycomb lattice described by the Hamiltonian
where h.c. is the Hermitian conjugate, t is the tightbinding hopping, the second-quantized operatorĉ † iσ (ĉ iσ ) creates (annihilates) an electron of spin σ =↑↓ at position r i , andn i = σĉ † iσĉ iσ gives the electron density at position r i . The interaction V ij consists of a short-range part acting between electrons on the same site with different spins, V ii = U , and a long-range part depending on the distance between the electrons r ij = 2a |r i − r j | /3 as V ij = a 0 /r ij , where a is the lattice constant.
In the PQMC, we choose the non-interacting ground state as our trial wavefunction Ψ T , and compute the expectation values of an observable by projecting out the interacting ground state from the trial wave function
where Θ is set to 40/t. The key step in the PQMC is to perform Hubbard-Stratonovich transformation at each imaginary time slice to decouple a quartic fermionic term down to a bilinear one, at the cost of introducing an auxiliary field 29
To extract the single-particle interacting energy from the PQMC, we compute the zero-temperature single-particle Green's function
The Green function can be rewritten as
where χ (N −1) n are the eigenstates in the N − 1 particle number sector with eigen energy E (N −1) n . In the limit of large imaginary times, τ → ∞, the Green's function becomes
where
is the quasiparticle weight of the lowest-lying single particle excitation at momentum k. The single-particle interacting energy at momentum k is then obtained by fitting an exponential decay to the imaginary time Green's function G k at large τ .
We simulate systems with L = 6, 9, 12, 15, 18 and 24 unit cells along each directions, amounting to a total of 2L 2 lattice sites. Since these systems with different sizes do not share the same reciprocal lattice sites, we interpolate our results to a common set of momenta. To obtain the energy renormalization E − E 0 in the thermodynamic limit, we extrapolate the results obtained from different system sizes to L → ∞ using a fit to the form a + b/L 2 . The results along the two crystalline directions K − K and K − Γ are plotted in Fig. 2 .
Lattice Perturbation Theory
While PQMC is non-perturbative and numerically exact, it is limited by the size of the system. To complement the PQMC, we employ perturbation theory to the fermions on honeycomb lattice. Unlike the continuum Dirac model, here we retain the lattice structure, and hence the anisotropy between the K − K and K − Γ directions. Within the first order, the self-energy is given as the convolution of the non-interacting Green's function G 0 (ω, k) and the interaction V(k) over the momentum space,
where µ, ν are the matrix indices denoting the sublattices. The non-interacting Green's function is expressed in the sub-lattice basis as
where δ δ δ 1 = (0, 1/ √ 3)a, δ δ δ 2 = (−1/2, 1/2 √ 3)a and δ δ δ 3 = (1/2, 1/2 √ 3)a are the position of the nearest neighbours in the real space. On the other hand, the interaction in the sub-lattice basis is given as V(k) = 
where V(r) = e 2 / r is the Coulomb interaction. We numerically compute the self-energy Σ(q) for system size of 1500×1500 unit cells and interpolate our results to obtain a continuous spectrum for the self-energy. The interacting theory anisotropy η is then calculated by considering the equi-energy contour of the self-energy Σ(q). We see in Fig. 2b that both the quantum Monte Carlo results and the lattice perturbation theory with long-range interactions agree with the universal square-root behavior.
Boltzmann Transport
In the absence of magnetic field, the electrons behave as Schrödinger fermions. The linear dependence of mobility on electron density 7 indicates that the impurity scattering is Coulombic. Assuming that disorder is due to Z = 1 charged impurities described by the bare Coulomb potential V (r) = e 2 /( r), the relaxation time is given as
where the scattering probability due to impurities of concentration n i from momentum k to momentum k is
.
(24) According to Boltzmann transport theory, the conductivity is related to the relaxation time through the equation
For Schrödinger fermions ε k =h 2 k 2 /(2m), v =hk/m and the chirality factor f kk = 1, we find
where n = k 2 F /(2π) is the density with the spin degeneracy included, and r s = e 2 /( hv) depends on n via v.
Using the parameters relevant to GaAs ( = 12.9, m = 0.063m e ), we fit the experimental conductivity at B = 0 for the impurity concentration to find n i = 1.9 × 10 7 cm −2 for sample A and n i = 9.6 × 10 6 cm −2 for sample B.
In the case of Dirac fermions with the linear dispersion ε k =hvk and intraband chirality factor f kk = cos 2 ( θ −θ 2 ), the conductivity obtained from Eqn. (23)-(25) is σ D = σ S /2 where r s is the density independent fine-structure constant. Using the above impurity concentration obtained from fitting the experimental data at B = 0, we can now fit the conductivity to the experimental data at ν = 1/2 to obtain the composite Fermi liquid Dirac velocity. We find v = 1.8 × 10 6 cm/s corresponding to r s = 9.6. The fits are plotted in Fig. 3 .
